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CAN ONE IDENTIFY TWO UNITAL JB∗-ALGEBRAS BY THE
METRIC SPACES DETERMINED BY THEIR SETS OF
UNITARIES?
MARI´A CUETO-AVELLANEDA, ANTONIO M. PERALTA
Abstract. Let M and N be two unital JB∗-algebras and let U(M) and U(N)
denote the sets of all unitaries in M and N , respectively. We prove that the
following statements are equivalent:
(a) M and N are isometrically isomorphic as (complex) Banach spaces;
(b) M and N are isometrically isomorphic as real Banach spaces;
(c) There exists a surjective isometry ∆ : U(M) → U(N).
We actually establish a more general statement asserting that, under some
mild extra conditions, for each surjective isometry ∆ : U(M) → U(N) we can
find a surjective real linear isometry Ψ : M → N which coincides with ∆
on the subset eiMsa . If we assume that M and N are JBW∗-algebras, then
every surjective isometry ∆ : U(M) → U(N) admits a (unique) extension to
a surjective real linear isometry from M onto N . This is an extension of the
Hatori–Molna´r theorem to the setting of JB∗-algebras.
1. Introduction
Every surjective isometry between two real normed spaces X and Y is an affine
mapping by the Mazur–Ulam theorem. It seems then natural to ask whether the
existence of a surjective isometry between two proper subsets of X and Y can be
employed to identify metrically both spaces. By a result of P. Mankiewicz (see [34])
every surjective isometry between convex bodies in two arbitrary normed spaces
can be uniquely extended to an affine function between the spaces. The so-called
Tingley’s problem, which ask if a surjective isometry between the unit spheres of
two normed spaces can be also extended to a surjective linear isometry between
the spaces, came out in the eighties (cf. [42]). To the best of our knowledge,
Tingley’s problem remains open even for two dimensional spaces (see [5] where it is
solved for non-strictly convex two dimensional spaces). A full machinery has been
developed in the different partial positive solutions to Tingley’s problem in the
case of classical Banach spaces, C∗- and operator algebras and JB∗-triples (see, for
example the references [2, 5, 8, 10, 11, 15, 16, 18, 19, 20, 30, 32, 35, 36, 38, 39, 43]
and the surveys [47, 37]).
The question at this stage is whether in Tingley’s problem the unit spheres
can be reduced to strictly smaller subsets. Even in the most favorable case of a
finite dimensional normed spaceX , we cannot always conclude that every surjective
isometry on the set of extreme points of the closed unit ball of X can be extended
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to a surjective real linear isometry on X (see [10, Remark 3.15]). So, the sets of
extreme points is not enough to determine a surjective real linear isometry. The
existence of an additional structure on X provides new candidates, this is the case
of unital C∗-algebras. In a unital C∗-algebra A, the set U(A) of all unitary elements
in A is, in general, strictly contained in the set of all extreme points of the closed
unit ball of A. The symbol Asa will stand for the set of self-adjoint elements in
A. We recall that an element u in A is called unitary if uu∗ = 1
A
= u∗u, that
is, u is invertible with inverse u∗. The set of all unitaries in A will be denoted
by U(A). It is well known that U(A) is contained in the unit sphere of A and it
is a subgroup of A which is also self-adjoint (i.e., u∗ and uv lie in U(A) for all
u, v ∈ U(A)). However, the set U(A) is no longer stable under Jordan products of
the form a ◦ b := 12 (ab + ba). Namely, let u, v ∈ U(A) the element w = u ◦ v is a
unitary if and only if 1
A
= ww∗ = w∗w, that is,
1
A
=
1
4
(uv + vu)(v∗u∗ + u∗v∗) =
1
4
(2 · 1
A
+ uvu∗v∗ + vuv∗u∗),
equivalently, 1
A
= uvu
∗v∗+vuv∗u∗
2 and thus uvu
∗v∗ = vuv∗u∗ = 1
A
, because 1
A
is an extreme point of the closed unit ball of A. In particular uv = vu. That is
u ◦ v ∈ U(A) if and only if u and v commute. Despite the instability of unitaries
under Jordan products, expressions of the form uvu lie in U(A) for all u, v ∈ U(A),
and they can be even expressed in terms of the Jordan product because uvu =
2(u ◦ v) ◦ u− u2 ◦ v.
O. Hatori and L. Molna´r proved in [27, Theorem 1], that for each surjective
isometry ∆ : U(A) → U(B), where A and B are unital C∗-algebras, the identity
∆(eiAsa) = eiBsa holds, and there is a central projection p ∈ B and a Jordan
∗-isomorphism J : A→ B satisfying
∆(eix) = ∆(1)(pJ(eix) + (1 − p)J(eix)∗), (x ∈ Asa).
In particular A and B are Jordan ∗-isomorphic. Actually, every surjective isometry
between the unitary groups of two von Neumann algebras admits an extension to a
surjective real linear isometry between these algebras (see [27, Corollary 3]). These
influencing results have played an important role in some of the recent advances on
Tingley’s problem and in several other problems.
Let us take a look at some historical precedents. S. Sakai proved in [41] that
if M and N are AW∗-factors, U(M), U(N) their respective unitary groups, and
ρ a uniformly continuous group isomorphism from U(M) into U(N), then there
is a unique map f from M onto N which is either a linear or conjugate linear
∗-isomorphism and which agrees with ρ on U(M). In the case of W∗-factors not of
type I2n the continuity assumption was shown to be superfluous by H.A. Dye in
[14, Theorem 2]. In the results by Hatori and Molna´r, the mapping ∆ is merely a
distance preserving bijection between the unitary groups of two unital C∗-algebras
or two von Neumann algebras.
The proofs of the Hatori–Molna´r theorems are based, among other things, on
a study on isometries and maps compatible with inverted Jordan triple products
on groups by O. Hatori, G. Hirasawa, T. Miura, L. Molna´r [25]. Despite of the
attractive terminology, the study of the surjective isometries between the sets of
unitaries of two unital JB∗-algebras has not been considered. There are different
diffulties which are inherent to the Jordan setting. As we commented above, the
set of unitary elements in a unital C∗-algebra is not stable under Jordan products.
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Motivated by the pioneering works of I. Kaplansky, JB∗-algebras were intro-
duced as a Jordan generalization of C∗-algebras (see subsection 1.1 for the detailed
definitions). For example every Jordan self-adjoint subalgebra of a C∗-algebra is a
JB∗-algebra (these JB∗-algebras are called JC∗-algebras), but there exists excep-
tional JB∗-algebras which cannot be represented as JC∗-algebras.
Unitaries in unital C∗-algebras and JB∗-algebras have been intensively stud-
ied. They constitute the central notion in the Russo–Dye theorem [40] and its
JB∗-algebra-analogue in the Wright–Youngson–Russo–Dye theorem [45], which are
milestone results in the field of functional analysis. The interest remains very active,
for example, we recently obtained a metric characterization of unitary elements in
a unital JB∗-algebra (cf. [12]).
By the Gelfand–Naimark theorem, every unitary u in a unital C∗-algebra A
can be viewed as a unitary element in the algebra B(H), of all bounded linear
operators on a complex Hilbert space H , in such a way that u itself is a unitary
on H . Consequently, one-parameter unitary groups in A are under the hypotheses
of some well known results like Stone’s one-parameter theorem. However, unitary
elements in a unital JB∗-algebra M cannot always be regarded as unitaries on
some complex Hilbert space H . The lacking of a suitable Jordan version of Stone’s
one-parameter theorem for JB∗-algebras leads us to establish an appropriate result
for uniformly continuous one-parameter groups of unitaries in an arbitrary unital
JB∗-algebra in Theorem 3.1.
Let M and N denote two arbitrary unital JB∗-algebras whose sets of unitaries
are denoted by U(M) and U(N), respectively. In our first main result (Theorem
3.4) we prove that for each surjective isometry ∆ : U(M)→ U(N) satisfying one of
the following statements:
(1) ‖1
N
−∆(1
M
)‖ < 2;
(2) there exists a unitary ω0 in N such that Uω0(∆(1M )) = 1N ,
there exists a unitary ω in N satisfying
∆(eiMsa) = Uω∗(e
iNsa),
Furthermore, we can find a central projection p ∈ N , and a Jordan ∗-isomorphism
Φ :M → N such that
∆(eih) = Uω∗
(
p ◦ Φ(eih))+ Uω∗ ((1N − p) ◦ Φ(eih)∗)
= P2(Uω∗(p))Uω∗(Φ(e
ih)) + P2(Uω∗(1N − p))Uω∗(Φ((eih)∗)),
for all h ∈Msa. Consequently, the restriction ∆|eiMsa admits a (unique) extension
to a surjective real linear isometry from M onto N . We remark that ∆ is merely a
distance preserving bijection.
Among the consequences of the previous result we prove that the following state-
ments are equivalent for any two unital JB∗-algebras M and N :
(a) M and N are isometrically isomorphic as (complex) Banach spaces;
(b) M and N are isometrically isomorphic as real Banach spaces;
(c) There exists a surjective isometry ∆ : U(M)→ U(N)
(see Corollary 3.8).
Finally, in Theorem 3.9 we prove that any surjective isometry between the sets
of unitaries of any two JBW∗-algebras admits a (unique) extension to a surjective
real linear isometry between these algebras.
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Our proofs, which are completely independent from the results for C∗-algebras,
undoubtedly benefit from results in JB∗-triple theory. This beautiful subject (mean-
ing the theory of JB*- and JBW*- triples) makes simpler and more accessible our
arguments.
1.1. Definitions and background. A complex (respectively, real) Jordan algebra
M is a (non-necessarily associative) algebra over the complex (respectively, real)
field whose product is abelian and satisfies the so-called Jordan identity: (a◦b)◦a2 =
a ◦ (b ◦ a2) (a, b ∈ M). A normed Jordan algebra is a Jordan algebra M equipped
with a norm, ‖.‖, satisfying ‖a ◦ b‖ ≤ ‖a‖ ‖b‖ (a, b ∈ M). A Jordan Banach
algebra is a normed Jordan algebra whose norm is complete. Every real or complex
associative Banach algebra is a real Jordan Banach algebra with respect to the
product a ◦ b := 12 (ab+ ba).
Let M be a Jordan Banach algebra. Given a, b ∈M , we shall write Ua,b :M →
M for the bounded linear operator defined by
Ua,b(x) = (a ◦ x) ◦ b + (b ◦ x) ◦ a− (a ◦ b) ◦ x,
for all x ∈ M . The mapping Ua,a will be simply denoted by Ua. One of the
fundamental identities in Jordan algebras assures that
(1) UaUbUa = UUa(b), for all a, b in a Jordan algebra M
(see [24, 2.4.18]). The multiplication operator by an element a ∈M will be denoted
by Ma, that is, Ma(b) = a ◦ b (b ∈M).
Henceforth, the powers of an element a in a Jordan algebra M will be denoted
as follows:
a1 = a; an+1 = a ◦ an, n ≥ 1.
If M is unital, we set a0 = 1
M
. An algebra B is called power associative if the
subalgebras generated by single elements of B are associative. In the case of a
Jordan algebra M this is equivalent to say that the identity am ◦ an = am+n, holds
for all a ∈ M , m,n ∈ N. It is known that any Jordan algebra is power associative
([24, Lemma 2.4.5]).
By analogy with the associative case, ifM is a unital Jordan Banach algebra, the
closed subalgebra generated by an element x ∈M and the unit is always associative,
and hence we can always consider the elements of the form ex in M , defined by
ex =
∞∑
n=0
xn
n!
(cf. [6, § 1.1.29]). Let us suppose that M is a unital Jordan Banach
subalgebra of an associative unital Banach algebra, and let x be an element in M .
Take a and b in M such that a = eitx and b = eisx, where t, s ∈ R. From now on,
it will be useful to keep in mind that
a ◦ b = eitx ◦ eisx = 1
2
(eitxeisx + eisxeitx)
=
1
2
(ei(t+s)x + ei(t+s)x) = ei(t+s)x = eitxeisx = ab.
An element a in a unital Jordan Banach algebraM is called invertible whenever
there exists b ∈M satisfying a◦b = 1 and a2 ◦b = a. The element b is unique and it
will be denoted by a−1 (cf. [24, 3.2.9] and [6, Definition 4.1.2]). We know from [6,
Theorem 4.1.3] that an element a ∈ M is invertible if and only if Ua is a bijective
mapping, and in such a case U−1a = Ua−1 .
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A JB∗-algebra is a complex Jordan Banach algebraM equipped with an algebra
involution ∗ satisfying ‖ {a, a, a} ‖ = ‖a‖3, a ∈ M (where {a, a, a} = Ua(a∗) =
2(a◦a∗)◦a−a2◦a∗). We know from a result by M.A. Youngson that the involution
of every JB∗-algebra is an isometry (cf. [48, Lemma 4]).
A JB-algebra is a real Jordan Banach algebra J in which the norm satisfies the
following two axioms for all a, b ∈ J :
(i) ‖a2‖ = ‖a‖2;
(ii) ‖a2‖ ≤ ‖a2 + b2‖.
The hermitian part,Msa, of a JB
∗-algebra,M , is always a JB-algebra. A celebrated
theorem due to J.D.M. Wright asserts that, conversely, the complexification of every
JB-algebra is a JB∗-algebra (see [44]). We refer to the monographs [24] and [6] for
the basic notions and results in the theory of JB- and JB∗-algebras.
Every C∗-algebra A is a JB∗-algebra when equipped with its natural Jordan
product a ◦ b = 12 (ab + ba) and the original norm and involution. Norm-closed
Jordan ∗-subalgebras of C∗-algebras are called JC∗-algebras. JC∗-algebras which
are also dual Banach spaces are called JW∗-algebras. Any JW∗-algebra is a weak∗-
closed Jordan ∗-subalgebra of a von Neumann algebra.
We recall that an element u in a unital JB∗-algebra M is a unitary if it is
invertible and its inverse coincides with u∗. As in the associative setting, we shall
denote by U(M) the set of all unitary elements in M . Let us observe that if a
unital C∗-algebra is regarded as a JB∗-algebra both notions of unitaries coincide.
An element s in a unital JB-algebra J is called a symmetry if s2 = 1
J
. If M is a
JB∗-algebra, the symmetries in M are defined as the symmetries in its self-adjoint
part Msa.
A celebrated result in the theory of JB∗-algebras is the so-called Shirshov-Cohn
theorem, which affirms that the JB∗-subalgebra of a JB∗-algebra generated by
two self-adjoint elements (and the unit element) is a JC∗-algebra, that is, a JB∗-
subalgebra of some B(H) (cf. [24, Theorem 7.2.5] and [44, Corollary 2.2]).
Two elements a, b in a Jordan algebra M are said to operator commute if
(a ◦ c) ◦ b = a ◦ (c ◦ b),
for all c ∈ M (cf. [24, 4.2.4]). By the centre of M (denoted by Z(M)) we mean
the set of all elements ofM which operator commute with any other element in M .
Any element in the center is called central.
A JB∗-algebra may admit two different Jordan products compatible with the
same norm. However, when JB∗-algebras are regarded as JB∗-triples, any surjective
linear isometry between them is a triple isomorphism (see [33, Proposition 5.5]).
This fact produces a certain uniqueness of the triple product (see next section for
more details). We recall the definition of JB∗-triples.
A JB∗-triple is a complex Banach space E equipped with a continuous triple
product {., ., .} : E×E×E → E, (a, b, c) 7→ {a, b, c},which is bilinear and symmetric
in (a, c) and conjugate linear in b, and satisfies the following axioms for all a, b, x, y ∈
E:
(a) L(a, b)L(x, y) = L(x, y)L(a, b) + L(L(a, b)x, y)− L(x, L(b, a)y), where L(a, b) :
E → E is the operator defined by L(a, b)x = {a, b, x} ;
(b) L(a, a) is a hermitian operator with non-negative spectrum;
(c) ‖{a, a, a}‖ = ‖a‖3.
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The definition presented here dates back to 1983 and it was introduced by W. Kaup
in [33].
Examples of JB∗-triples include all C∗-algebras and JB∗-algebras with the triple
products of the form
(2) {x, y, z} = 1
2
(xy∗z + zy∗x),
and
(3) {x, y, z} = (x ◦ y∗) ◦ z + (z ◦ y∗) ◦ x− (x ◦ z) ◦ y∗,
respectively.
The triple product of every JB∗-triple is a non-expansive mapping, that is,
(4) ‖{a, b, c}‖ ≤ ‖a‖‖b‖‖c‖ for all a, b, c (see [22, Corollary 3]).
Let E be a JB∗-triple. Each element e in E satisfying {e, e, e} = e is called a
tripotent. Each tripotent e ∈ E, determines a decomposition of E, known as the
Peirce decomposition associated with e, in the form
E = E2(e)⊕ E1(e)⊕ E0(e),
where Ej(e) = {x ∈ E : {e, e, x} = j2x} for each j = 0, 1, 2.
Triple products among elements in Peirce subspaces satisfy the following Peirce
arithmetic:
{Ei(e), Ej(e), Ek(e)} ⊆ Ei−j+k(e) if i− j + k ∈ {0, 1, 2},
{Ei(e), Ej(e), Ek(e)} = {0} if i− j + k /∈ {0, 1, 2},
and {E2(e), E0(e), E} = {E0(e), E2(e), E} = 0. Consequently, each Peirce subspace
Ej(e) is a JB
∗-subtriple of E.
The projection Pk(e) of E onto Ek(e) is called the Peirce k-projection. It is
known that Peirce projections are contractive (cf. [21, Corollary 1.2]) and deter-
mined by the following identities P2(e) = Q(e)
2, P1(e) = 2(L(e, e) − Q(e)2), and
P0(e) = IdE − 2L(e, e)+Q(e)2, where Q(e) : E → E is the conjugate or real linear
map defined by Q(e)(x) = {e, x, e}.
It is worth remarking that if e is a tripotent in a JB∗-triple E, the Peirce 2-
subspace E2(e) is a unital JB
∗-algebra with unit e, product x ◦e y := {x, e, y} and
involution x∗e := {e, x, e}, respectively (cf. [6, Theorem 4.1.55]).
Following standard notation, a tripotent e in in a JB∗-triple E is called unitary
if E2(e) = E.
Remark 1.1. The reader should be warned that if a unital JB∗-algebra M is re-
garded as a JB∗-triple we have two, a priori, different uses of the word “unitary”.
However, there is no conflict between these two notions because unitary elements in
a unital JB∗-algebra M are precisely the unitary tripotents in M when the latter is
regarded as a JB∗-triple (cf. [3, Proposition 4.3] or [6, Theorem 4.2.24, Definition
4.2.25 and Fact 4.2.26]).
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2. Unitaries in JB∗-algebras and inverted Jordan triple products
Unitary elements in JB∗-algebras have been intensively studied for many geo-
metric reasons. As in the setting of C∗-algebras, they play a protagonist role in the
Wright–Youngson extension of the Russo-Dye theorem for JB∗-algebras [46] (see
also [6, Corollary 3.4.7 and Fact 4.2.39]). Different applications can be found on
the study of surjective isometries between JB- and JB∗-algebras (see [46, 29] and
[6, Proposition 4.2.44]).
The definition of unitary in a JB∗-algebra and its natural connection with the
notion of unitary (tripotent) in the setting of JB∗-triples has been recalled at the
introduction. We shall next revisit some basic properties with the aim of clarifying
and make accessible our subsequent arguments.
The first result, which has been almost outlined in the introduction, has been
borrowed from [6].
Lemma 2.1. [6, Lemma 4.2.41, Theorem 4.2.28, Corollary 3.4.32], [46], [29] Let M
be a unital JB∗-algebra, and let u be a unitary element in M . Then the following
statements hold:
(a) The Banach space of M becomes a unital JB∗-algebra with unit u for the (Jor-
dan) product defined by x ◦u y := Ux,y(u∗) = {x, u, y} and the involution ∗u
defined by x∗u := Uu(x
∗) = {u, x, u}. (This JB∗-algebra M(u) = (M, ◦u, ∗u) is
called the u-isotope of M .)
(b) The unitary elements of the JB∗-algebras M and (M, ◦u, ∗u) are the same, and
they also coincide with the unitary tripotents of M when the latter is regarded
as a JB∗-triple.
(c) The triple product of M satisfies
{x, y, z} = (x ◦ y∗) ◦ z + (z ◦ y∗) ◦ x− (x ◦ z) ◦ y∗
= (x ◦u y∗u) ◦u z + (z ◦u y∗u) ◦u x− (x ◦u z) ◦u y∗u ,
for all x, y, z ∈ M . Actually, the previous identities hold when ◦ is replaced
with any Jordan product on M making the latter a JB∗-algebra with the same
norm.
(d) The mapping Uu : M → M is a surjective isometry and hence a triple iso-
morphism. Consequently, Uu (U(M)) = U(M). Furthermore, the operator
Uu : (M, ◦u∗ , ∗u∗)→ (M, ◦u, ∗u) is a Jordan ∗-isomorphism.
Proof. Statements (a) and (b) can be found in [6, Lemma 4.2.41] (see also [3,
Proposition 4.3]). Moreover, Theorem 4.2.28 (vii) in [6] assures that the mapping
Uu is a surjective linear isometry. The remaining statements are consequences
of the fact that a linear bijection between JB∗-triples is an isometry if and only
if it is a triple isomorphism (cf. [33, Proposition 5.5] and [7, Theorem 5.6.57]).
Furthermore each unital triple isomorphism between unital JB∗-algebras must be
a Jordan ∗-isomorphism. 
Let u be a unitary element in a unital C∗-algebra A. It is known that ‖1−u‖ < 2
implies that u = eih for some h ∈ As (see [31, Exercise 4.6.6]). In our next lemma
we combine this fact with the Shirshov-Cohn theorem.
Lemma 2.2. Let u, v be two unitaries in a unital JB∗-algebra M . Let us suppose
that ‖u− v‖ = η < 2. Then the following statements hold:
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(a) There exists a self-adjoint element h in the u-isotope JB∗-algebra M(u) =
(M, ◦u, ∗u) such that v = eih, where the exponential is computed in the JB∗-
algebra M(u).
(b) There exists a unitary w in M satisfying Uw(u
∗) = v.
Moreover, if ‖u− v‖ = η = ∣∣1− eit0 ∣∣ = √2√1− cos(t0) for some t0 ∈ (−π, π), we
can further assume that ‖w − u‖, ‖w − v‖ ≤ √2
√
1− cos( t02 ).
Proof. We consider the unital JB∗-algebra M(u) = (M, ◦u, ∗u). Let C denote the
JB∗-subalgebra of M(u) generated by v and its unit –i.e. u–. Let us observe that
the product and involution on C are precisely ◦u|C×C and ∗u|C , respectively. Since v
is unitary in M(u) (cf. Lemma 2.1(b)), the JB∗-subalgebra C must be isometrically
Jordan ∗-isomorphic to a unital commutative C∗-algebra, that is, to some C(Ω)
for an appropriate compact Hausdorff space Ω, and under this identification, u
corresponds to the unit (cf. [24, 3.2.4. The spectral theorem] or [6, Proposition
3.4.2 and Theorem 4.1.3(v)]).
Since ‖u− v‖ < 2, v is a unitary in C and u is the unit element of the C∗-algebra
C ≡ C(Ω), we can find a self-adjoint element h ∈ Csa such that v = eih (see [31,
Exercise 4.6.6]), where the exponential is, of course, computed with respect to the
structure of C, that is with the product and involution of M(u). This finishes the
proof of (a).
By setting w = ei
h
2 we get a unitary element in C satisfying w·u∗u ·w = w·u·w = v
(let us observe that the involution of C is precisely the restriction of ∗u to C). Let
Uua denote the U operator on the unital JB
∗-algebra M(u) associated with the
element a. Since C is a unital JB∗-subalgebra of M(u), we deduce that
v = w · u∗u · w = Uuw(u∗u) = {w, u, w} = Uw(u∗),
and clearly w is a unitary in M because it is a unitary in M(u) (cf. Lemma 2.1(b)
and (c)). We have therefore concluded the proof of (b).
The final statement is a clear consequence of the identification of C with C(Ω)
in which u corresponds to the unit and v and w with eih and ei
h
2 , respectively. 
The next lemma can be deduced by similar arguments to those given in the
previous result.
Lemma 2.3. Let u and w be unitary elements in a unital JB∗-algebra M . Suppose
Uw(u
∗) = u and ‖u− w‖ < 2. Then w = u.
Proof. Let M(w) = (M, ◦w, ∗w) and let C denote the JB∗-subalgebra of M(w)
generated by u and its unit. By applying the identification of C with an appropriate
C(Ω) space as the one given in the proof of the previous lemma, we can identify w
with the unit of C(Ω) and u with a unitary in this commutative unital C∗-algebra
with u∗w = Uw(u
∗) = u (self-adjoint in C) and ‖u − w‖ < 2, which implies that
w = u. 
We shall gather next some results on isometries between metric groups due to
O. Hatori, G. Hirasawa, T. Miura and L Molna´r [25]. The conclusions in the
just quoted paper provided the tools applied in the study of surjective isometries
between the unitary groups of unital C∗-algebras in subsequent references [26] and
[27].
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Henceforth, let G be a group and let (X, d) be a non-trivial metric space such
that X is a subset of G and
(5) yx−1y ∈ X for all x, y ∈ X
(note that we are not assuming that X is a subgroup of G).
Definition 2.4. Let us fix a, b in X. We shall say that condition B(a, b) holds for
(X, d) if the following properties hold:
(B.1) For all x, y ∈ X we have d(bx−1b, by−1b) = d(x, y).
(B.2) There exists a constant K > 1 satisfying
d(bx−1b, x) ≥ Kd(x, b),
for all x ∈ La,b = {x ∈ X : d(a, x) = d(ba−1b, x) = d(a, b)}.
Definition 2.5. Let us fix a, b ∈ X. We shall say that condition C1(a, b) holds for
(X, d) if the following properties hold:
(C.1) For every x ∈ X we have ax−1b, bx−1a ∈ X;
(C.2) d(ax−1b, ay−1b) = d(x, y), for all x, y ∈ X.
We shall say that condition C2(a, b) holds for (X, d) if there exists c ∈ X such that
ca−1c = b and d(cx−1c, cy−1c) = d(x, y) for all x, y ∈ X.
An element x ∈ X is called 2-divisible if there exists y ∈ X such that y2 = x. X
is called 2-divisible if every element in X is 2-divisible. Furthermore, X is a called
2-torsion free if it contains the unit of G and the condition x2 = 1 with x ∈ X
implies x = 1.
We shall need the following result taken from [25].
Theorem 2.6. [25, Theorem 2.4] Let (X, dX) and (Y, dY ) be two metric spaces.
Pick two points a, c ∈ X. Suppose that ϕ : X → X is a distance preserving map
such that ϕ(c) = c and ϕ ◦ ϕ is the identity map on X. Let
La,c = {x ∈ X : dX(a, x) = dX(ϕ(a), x) = dX(a, c)}.
Suppose that that there exists a constant K > 1 such that dX(ϕ(x), x) ≥ KdX(x, c)
holds for every x ∈ La,c. If δ is a bijective distance preserving map from X onto Y ,
and ψ is a bijective distance preserving map from Y onto itself such that ψ(∆(a)) =
∆(ϕ(a)) and ψ(∆(ϕ(a))) = ∆(a), then we have ψ(∆(c)) = ∆(c). 
Conditions B(a, b), C1(a, b) and C2(a, b) are perfectly applied in [25] (and sub-
sequently in [26]) to establish a generalization of the Mazur-Ulam theorem for
commutative groups [25, Corollary 5.1], and to present a metric characterization
of normed real-linear spaces among commutative metric groups [25, Corollary 5.4].
Despite of the tempting title of [25] for the audience on Jordan structures–i.e.
“Isometries and maps compatible with inverted Jordan triple products on groups”–,
the results in the just quoted reference have not been applied in a proper Jordan
setting yet. There are so many handicaps reducing its potential applicability. We
are aimed to present a first application in this paper.
For the discussion in this paragraph, let A be a unital JC∗-algebra which will
be regarded as a JB∗-subalgebra of some B(H). Let us observe that the unit of
A must be a projection 1A in B(H), and thus by replacing H with 1A(H), we
can always assume that A and B(H) share the same unit. We shall denote the
product of B(H) by mere juxtaposition. The set U(A) of all unitaries in A is
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not in general a subgroup of U(B(H)) –the latter is not even stable under Jordan
products–, however Uu(v) = uvu, and u
∗ lie in U(A) for all u, v ∈ U(A) (cf. Lemma
2.1). The set U(B(H)) is a group for its usual product and will be equipped with
the distance provided by the operator norm. Conditions of the type C1(a, b) do not
hold for (U(A), ‖.‖) because products of the form ax−1b do not necessarily lie in
U(A) for all a, b, x ∈ U(A). The set U(A) is not 2-torsion free since −1 ∈ U(A).
Furthermore, the identity yx−1y = y2x−1 does not necessarily hold for x, y ∈ U(A).
We have therefore justified that [25, Corollaries 3.9, 3.10 and 3.11] cannot be applied
in the Jordan setting, even under more favorable hypothesis of working with a JC∗-
algebra.
Let Iso(Z) denote the group of all surjective linear isometries on a Banach space
Z. Hidden within the proof of [26, Theorem 6], it is shown that for a complex
Banach spaces Z, condition B(a, b) is satisfied for elements a, b in Iso(Z) which are
at distance strictly smaller than 12 . Let us concretize the exact statement.
Lemma 2.7. [26, Proof of Theorem 6] Let Z be a complex Banach space, let u, v
be two elements in Iso(Z) with ‖u − v‖ < 12 . Then for K = 2 − 2‖u− v‖ > 1, the
inequality
‖vw−1v − w‖ ≥ K‖w − v‖
holds for every w in the set
Lu,v =
{
w ∈ Iso(Z) : ‖u− w‖ = ‖vu−1v − w‖ = ‖u− v‖} .
The next result is a consequence of the previous lemma in the case in which
M is a JC∗-algebra by just regarding M as a unital Jordan ∗-subalgebra of some
B(H) with the same unit (we can always see U(M) inside Iso(H)). The existence
of exceptional JB∗-algebras which cannot be embedded as Jordan ∗-subalgebras of
B(H) (see [24, Corollary 2.8.5], [6, Example 3.1.56]), forces us to develop a new
argument.
Lemma 2.8. Let u, v be two elements in U(M), where M is a unital JB∗-algebra.
Suppose ‖u − v‖ < 1/2. Then the Jordan version of condition B(u, v) holds for
U(M), that is,
(a) For all x, y ∈ U(M) we have
∥∥Uv(x−1)− Uv(y−1)∥∥ = ‖x∗ − y∗‖ = ‖x− y‖.
(b) The constant K = 2− 2‖u− v‖ > 1 satisfies that
‖Uv(w∗)− w‖ =
∥∥Uv(w−1)− w∥∥ ≥ K‖w − v‖,
for all w in the set
Lu,v = {w ∈ U(M) : ‖u− w‖ = ‖Uv(u−1)− w‖ = ‖Uv(u∗)− w‖ = ‖u− v‖}.
Proof. Statement (a) is clear from Lemma 2.1(d) and the fact that the involution
on M is an isometry.
Let us consider the u-isotope JB∗-algebra M(u) = (M, ◦u, ∗u) of M . The U -
operator on M(u) will be denoted by Uu. We fix an element w ∈ Lu,v. Since
‖u−w‖ = ‖u−v‖ < 12 , we deduce from Lemma 2.2 the existence of two self-adjoint
elements h1, h2 ∈ M(u) such that v = eih1 and w = eih2 . Let B denote the JB∗-
subalgebra ofM(u) generated by u, h1, h2. The Shirshov-Cohn theorem assures the
existence of a complex Hilbert space H such that B is a JB∗-subalgebra of B(H)
and both share the same unit u (the product of B(H) will be denoted by mere
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juxtaposition and the involution by ♯). Obviously u, v, w ∈ U(B) ⊆ U(B(H)) ⊆
Iso(H) with ‖u− w‖B = ‖u− w‖M = ‖u− v‖M = ‖u− v‖B. Let us compute
Uuv (u) = 2(v ◦u u) ◦u v − (v ◦u v) ◦u u
= 2v ◦u v − v ◦u v = v ◦u v = {v, u, v} = Uv(u∗),
and
‖vu−1v − w‖
B(H)
= ‖vu−1v − w‖B = ‖Uuv (u♯)− w‖B = ‖Uuv (u∗u)− w‖B
= ‖Uuv (u)− w‖B = ‖Uv(u∗)− w‖B = ‖Uv(u∗)− w‖M .
Lemma 2.7 proves that for K = 2− 2‖u− v‖ > 1 we have
‖Uuv (w∗u )− w‖B =
∥∥Uuv (w−1)− w∥∥B = ‖vw−1v−w‖B(H) ≥ K‖w−v‖B = K‖w−v‖.
On the other hand, by the uniqueness of the triple product (see [33, Proposition
5.5] or Lemma 2.1(c)) we have
Uuv (w
∗u ) = {v, w, v}B = {v, w, v}M(u) = {v, w, v}M = Uv(w∗).
All together gives∥∥Uv(w−1)− w∥∥ = ‖Uv(w∗)− w‖M = ‖Uv(w∗)− w‖B
= ‖Uuv (w∗u)− w‖B ≥ K‖w − v‖,
which completes the proof. 
We can now establish a key result for our goals.
Theorem 2.9. Let ∆ : U(M) → U(N) be a surjective isometry, where M and N
are unital JB∗-algebras. Suppose u, v ∈ U(M) with ‖u−v‖ < 12 . Then the following
statements are true:
(1) The Jordan version of condition B(u, v) holds for U(M);
(2) The Jordan version of condition C2(∆(u),∆(Uv(u
∗))) holds for U(N);
(3) The identity ∆(Uv(u
∗)) = ∆(Uv(u
−1)) = U∆(v)(∆(u)
∗) = U∆(v)(∆(u)
−1)
holds.
Proof. Statement (1) follows from Lemma 2.8.
(2) By hypotheses ‖∆(u) − ∆(v)‖ = ‖u − v‖ < 12 . Let B denote the JB∗-
subalgebra of the u-isotopeM(u) generated by u and v. We shall denote by Uu the
U -operator in M(u). Again, by the Shirshov-Cohn theorem we can find a complex
Hilbert spaceH such that B is a JB∗-subalgebra of B(H) and u is the unit of B(H).
The product of B(H) will be denoted by mere juxtaposition and the involution by
♯. In this case we have
‖∆(u)−∆(Uv(u∗))‖ = ‖u− Uv(u∗)‖ = ‖u− {v, u, v}‖ = ‖u− {v, u, v}B‖B
= ‖u− Uuv (u∗u)‖B = ‖u− Uuv (u∗u)‖B(H) = ‖u− vu♯v‖B(H)
= ‖u− vv‖
B(H)
= ‖v♯ − v‖
B(H)
≤ ‖v♯ − u‖
B(H)
+ ‖u− v‖
B(H)
= 2‖u− v‖B(H) = 2‖u− v‖B = 2‖u− v‖ < 1
(cf. Lemma 2.1(c)).
Lemma 2.2(b) assures the existence of w ∈ U(N) satisfying
(6) Uw(∆(u)
∗) = ∆ (Uv(u
∗)) , and ‖w −∆(v)‖ < 1 (or smaller).
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This shows that the Jordan version of C2(∆(u),∆(Uu(v
∗))) holds for U(N) because
the remaining requirement, i.e.,
‖Uw(x−1)− Uw(y−1)‖ = ‖x−1 − y−1‖ = ‖x∗ − y∗‖ = ‖x− y‖
holds for all x, y ∈ U(N) (cf. Lemma 2.1(d)).
(3) Let w ∈ U(N) be the element found in the proof of (2). We define a couple of
mappings ϕ : U(M) → U(M) and ψ : U(N) → U(N) given by ϕ(x) := Uv(x−1) =
Uv(x
∗) and ψ(y) := Uw(y
−1) = Uw(y
∗), respectively. Clearly, ϕ and ψ are distance
preserving bijections (cf. Lemma 2.1(d)).
It is clear that ϕ(v) = v and ϕ◦ϕ is the identity mapping on U(M). Furthermore,
by (6) we have
ψ(∆(u)) = Uw(∆(u)
∗) = ∆ (Uv(u
∗)) = ∆ (ϕ(u))
ψ (∆ (ϕ(u))) = Uw (∆ (Uv(u
∗)∗)) = Uw∗ (∆ (Uv(u
∗)))
∗
= ∆(u)∗∗ = ∆(u).
Since by (1) the Jordan version of condition B(u, v) holds for U(M), and by (2)
the Jordan version of C2(∆(u),∆(Uv(u
∗))) holds for U(N), we can see that all the
hypotheses of Theorem 2.6 [25, Theorem 2.4] are satisfied. We deduce from the
just quoted theorem that Uw(∆(v)
∗) = ∆(v), and since ‖w −∆(v)‖ < 2 (cf. (6)),
Lemma 2.3 guarantees that w = ∆(v) and hence ∆(Uv(u
∗)) = U∆(v)(∆(u)
∗) as
desired (see (6)). 
3. Surjective isometries between sets of unitaries
In this section we shall try to find a precise description of the surjective isometries
between the sets of unitaries in two unital JB∗-algebras. Our first goal is to find
conditions under which any such surjective isometry can be extended to a surjective
real linear isometry between these JB∗-algebras.
We recall that a one-parameter group of bounded linear operators on a Banach
space Z is a mapping R → B(Z), t 7→ E(t) satisfying E(0) = I and E(t+ s) =
E(s)E(t), for all s, t ∈ R. A one-parameter group {E(t) : t ∈ R} is uniformly
continuous at the origin if lim
t→0
‖E(t) − I‖ = 0. It is known that being uniformly
continuous at zero is equivalent to the existence of a bounded linear operator R ∈
B(Z) such that E(t) = etR for all t ∈ R, where the exponential is computed in the
Banach algebra B(Z) (see, for example, [4, Proposition 3.1.1]). A one-parameter
group on {E(t) : t ∈ R} on a complex Hilbert space H is called strongly continuous
if for each ξ in H the mapping t 7→ E(t)(ξ) is continuous ([9, Definition 5.3, Chapter
X]). A one-parameter unitary group on H is a one-parameter group on H such that
E(t) is a unitary element for each t ∈ R.
The celebrated Stone’s one-parameter theorem affirms that for each strongly
continuous one-parameter unitary group {E(t) : t ∈ R} on a complex Hilbert space
H there exists a self-adjoint operator h ∈ B(H) such that E(t) = eith, for every
t ∈ R ([9, 5.6, Chapter X]).
We recall that a triple derivation on a JB∗-triple E is a linear mapping δ : E → E
satisfying a ternary version of Leibniz’ rule
δ{a, b, c} = {δ(a), b, c}+ {a, δ(b), c}+ {a, b, δ(c)}, (a, b, c ∈ E).
We shall apply that every triple derivation is automatically continuous (see [1,
Corollary 2.2]). If δ : M → M is a triple derivation on a unital JB∗-algebra, it is
known that δ(1
M
)∗ = −δ(1
M
), that is, iδ(1
M
) ∈Msa (cf. [28, Proof of Lemma 1]).
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The existence of exceptional JB∗-algebra which cannot be represented inside a
B(H) space, adds extra difficulties to apply Stone’s one-parameter theorem. The
study of uniformly continuous one-parameter groups of surjective isometries (i.e.
triple isomorphisms), Jordan ∗-isomorphisms and orthogonality preserving opera-
tors on JB∗-algebras has been recently initiated in [23]. We complement the results
in the just quoted reference with the next result, which is a Jordan version of Stone’s
theorem for uniformly continuous unitary one-parameter groups.
Theorem 3.1. Let M be a unital JB∗-algebra. Suppose {u(t) : t ∈ R} is a family
in U(M) satisfying u(0) = 1, and Uu(t)(u(s)) = u(2t+ s), for all t, s ∈ R. We also
assume that the mapping t 7→ u(t) is continuous. Then there exists h ∈ Msa such
that u(t) = eith for all t ∈ R.
Proof. We shall first prove that
(7) u(s+ t) = u(t) ◦ u(s) for all t, s ∈ R.
Fix a real t, it follows from the hypothesis that
u(t)2 = Uu(t)(u(0)) = u(2t), and u(t)
3 = Uu(t)(u(t)) = u(3t).
Arguing by induction on n, it can be established that u(t)n = u(nt) for all n ∈ N,
t ∈ R. Indeed, for any integer n ≥ 4, by the induction hypothesis
u(t)n = Uu(t)(u(t)
n−2) = Uu(t)(u((n− 2)t)) = u(nt).
The identity Uu(t)Uu(−t)Uu(t) = Uu(t) (see (1)) together with the fact that Uu(t)
is invertible in B(M) proves that Uu(t)∗ = U
−1
u(t) = Uu(−t) and thus u(t)
∗ = u(t)−1 =
u(−t) for all t ∈ R (cf. [6, Theorem 4.1.3]).
Given an integer n ≤ 0 we observe that u(t)n = (u(t)−n)−1 = (u(t)−n)∗ for
every t ∈ R, and thus
u(t)n = (u(t)−n)∗ = u((−n)t)∗ = u(nt).
We have therefore shown that
(8) u(t)n = u(nt), for all t ∈ R and n ∈ Z.
By the continuity of the mapping t 7→ u(t), in order to prove (7) it suffices to
show that the identity u(r+ r′) = u(r) ◦u(r′) holds for any rational numbers r and
r′. Therefore, let us take r = n/m and r′ = n′/m′, with n, n′ ∈ Z and m,m′ ∈ N.
By a couple of applications of (8) and the power associativity ofM (see [24, Lemma
2.4.5]) we have
u(r + r′) = u
(
nm′ +mn′
mm′
)
= u
(
1
mm′
)nm′+mn′
= u
(
1
mm′
)nm′
◦ u
(
1
mm′
)mn′
= u
(
nm′
mm′
)
◦ u
(
mn′
mm′
)
= u(r) ◦ u(r′),
as desired.
Let us define a mapping Φ : R → Iso(M), t 7→ Φ(t) = Uu(t). Clearly, Φ is
continuous with Φ(0) = IdM . By applying the fundamental identity (1) one sees
that
Φ(t)Φ(s)Φ(t) = Uu(t)Uu(s)Uu(t) = UUu(t)(u(s)) = Uu(2t+s) = Φ(2t+ s),
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for all s, t ∈ R. It then follows that Φ(t)2 = Φ(t)Φ(0)Φ(t) = Φ(2t), Φ(3t) = Φ(t)3,
and by induction on n(≥ 3), Φ(nt) = Φ(2t + (n − 2)t) = Φ(t)Φ((n − 2)t)Φ(t) =
Φ(t)Φ(t)n−2Φ(t) = Φ(t)n for all t ∈ R, n ∈ N. Therefore Φ(nt) = Φ(t)n for all
t ∈ R, n ∈ Z.
Since, for each real t, Φ(t)Φ(−t)Φ(t) = Φ(t) and Φ(t) ∈ Iso(M) we can deduce
that Φ(−t) = Φ(t)−1 for all t ∈ R. It follows that, for a negative integer n and each
real t, we have
Φ(nt) = Φ((−n)(−t)) = Φ(−t)−n = Φ(t)n,
an identity which then holds for all n ∈ Z.
We claim that t 7→ Φ(t) is a one-parameter group of surjective isometries on M .
Let us fix two rational numbers n
m
, n
′
m′
with m,m′ ∈ N, n, n′ ∈ Z. It follows from
the above properties that
Φ
(
n
m
+
n′
m′
)
= Φ
(
nm′ + n′m
mm′
)
= Φ
(
1
mm′
)nm′+n′m
= Φ
(
1
mm′
)nm′
Φ
(
1
mm′
)n′m
= Φ
( n
m
)
Φ
(
n′
m′
)
.
It follows from the continuity of Φ that
Φ(t+ s) = Φ(t)Φ(s), for all t, s ∈ R,
that is, Φ(t) is a uniformly continuous one-parameter group of surjective isometries
on M . By [23, Lemma 3.1] there exists a triple derivation δ : M → M satisfying
Φ(t) = etδ =
∞∑
n=0
tn
n!
δn for all t ∈ R, where the exponential is computed in B(M).
Let us observe that w(t) := Φ(t)(1) = Uu(t)(1) = u(t)
2 = Uu(t)(u(0)) = u(2t) for
all t ∈ R, and hence by (7)
w(t+ s) = Φ(t+ s)(1) = u(2(t+ s)) = u(2t) ◦ u(2s)
= Φ(t)(1) ◦ Φ(s)(1) = w(t) ◦ w(s),
for all s, t ∈ R. We shall next show that
δ(1)n = δn(1), for all natural n.
Since w(t + s) = w(t) ◦ w(s), by taking derivatives in t at t = 0 we get
∞∑
n=1
sn−1
(n− 1)!δ
n(1) =
∂
∂t |t=0
w(t + s) =
∂
∂t |t=0
w(t) ◦ w(s) = δ(1) ◦ w(s),
for all s ∈ R. Taking a new derivative in s at s = 0 we have
δ2(1) =
∂
∂s |s=0
∂
∂t |t=0
w(t+ s) = δ(1) ◦ ∂
∂s |s=0
w(s)
= δ(1) ◦ (δ(1) ◦ w(0)) =M2δ(1)(w(0)) = δ(1)2.
Similarly,
δn(1) =
∂n−1
∂sn−1 |s=0
∂
∂t |t=0
w(t+ s) =Mnδ(1)(w(0)) = δ(1)
n,
which gives the desired statement.
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It follows from the above identities that
u(t) = Φ(
t
2
) = e
t
2 δ(1) =
∞∑
n=0
tn
2nn!
δn(1) =
∞∑
n=0
tn
2nn!
δ(1)n = et
δ(1)
2 , for all t ∈ R,
where, as we commented before this proposition, δ(1)∗ = −δ(1) in M (cf. [28,
Proof of Lemma 1]). 
We continue by enunciating a variant of an argument which has been applied in
several cases before.
Remark 3.2. Suppose u is a unitary element in a unital JB∗-algebra M such that
‖1−u‖ < 2. By Lemma 2.2(a) we can find a self-adjoint element h ∈Msa satisfying
u = eih. Let us consider the unitary ω = e−i
h
2 ∈ U(M) and the mapping Uω :M →
M . Let us observe that Uω(u) = 1 (just apply that u and ω operator commute by
definition). Since ω is unitary in M , and hence U−1ω = Uω∗ (cf. [6, Theorem 4.1.3])
we can conclude from (4) that Uω :M(u) = (M, ◦u, ∗u)→M is a unital surjective
isometry (see also Lemma 2.1(d) or [6, Theorem 4.2.28] for a direct argument). We
can therefore conclude from Theorem 6 in [46] that Uω : M(u) = (M, ◦u, ∗u)→M
is a Jordan ∗-isomorphism.
As in the case of unital C∗-algebras (cf. the discussion preceding Proposition
4.4.10 in [31]), not each unitary element of a unital JB∗-algebra M is of the form
eih for some h ∈ Msa. However, if we assume that M is a JBW∗-algebra the
conclusion is different. Let u be a unitary element in a JBW∗-algebra M . Let W
denote the JBW∗-subalgebra of M generated by u, u∗ and the unit of M . Clearly W
is an associative JBW∗-algebra (cf. [24, Theorem 3.2.2, Remark 3.2.3 and Theorem
4.4.16]), and we can therefore assume that W is a commutative von Neumann
algebra. Theorem 5.2.5 in [31] implies the existence of an element h ∈ Wsa ⊆Msa
such that eih = u (in W and also in M). We therefore have
(9) U(M) = {eih : h ∈Msa}
for all JBW∗-algebra M .
The next lemma, which is a Jordan version of [26, Lemma 7], will be required
later.
Lemma 3.3. Let M and N be two unital JB∗-algebras. Let {uk : 0 ≤ k ≤ 2n} be a
subset of U(M) and let Φ : U(M)→ U(N) be a mapping such that Uuk+1(u∗k) = uk+2
and
Φ(Uuk+1(u
∗
k)) = UΦ(uk+1)(Φ(uk)
∗),
for all 0 ≤ k ≤ 2n − 2. Then Uu2n−1 (u∗0) = u2n and
Φ
(
Uu
2n−1
(u∗0)
)
= UΦ(u2n−1)Φ(u0)
∗.
Proof. We shall argue by induction on n. The statement is clear for n = 1. Suppose
that our statement is true for every family with 2n + 1 elements satisfying the
conditions above. Let {wk : 0 ≤ k ≤ 2n+1} be a subset of U(M) such that
Uwk+1(w
∗
k) = wk+2 and
Φ(Uwk+1(w
∗
k)) = UΦ(wk+1)(Φ(wk)
∗),
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for all 0 ≤ k ≤ 2n+1 − 2. Set uk = w2k. We shall next show that we can apply the
induction hypothesis to the family {uk : 0 ≤ k ≤ 2n} ⊆ U(M). Fix 0 ≤ k ≤ 2n− 2,
uk+2 = w2k+4 = Uw2k+3(w
∗
2k+2) = UUw2k+2(w
∗
2k+1)
(w∗2k+2)
= Uw2k+2Uw∗2k+1Uw2k+2(w
∗
2k+2) = Uw2k+2Uw∗2k+1(w2k+2)
= Uw2k+2Uw∗2k+1Uw2k+1(w
∗
2k) = Uw2k+2(w
∗
2k) = Uuk+1(u
∗
k),
where in the fourth equality we applied the identity (1).
On the other hand, the previous identities and the induction hypothesis also give
Φ(Uuk+1(u
∗
k)) = Φ(Uw2k+2(w
∗
2k)) = Φ(Uw2k+3(w
∗
2k+2)) = UΦ(w2k+3)(Φ(w2k+2)
∗)
= UΦ(Uw2k+2(w
∗
2k+1))
(Φ(w2k+2)
∗) = UUΦ(w2k+2)(Φ(w2k+1)
∗)(Φ(w2k+2)
∗)
= UΦ(w2k+2)UΦ(w2k+1)∗UΦ(w2k+2)(Φ(w2k+2)
∗)
= UΦ(w2k+2)UΦ(w2k+1)∗(Φ(w2k+2))
= UΦ(w2k+2)UΦ(w2k+1)∗(Φ(Uw2k+1(w
∗
2k)))
= UΦ(w2k+2)UΦ(w2k+1)∗UΦ(w2k+1)(Φ(w2k)
∗)
= UΦ(w2k+2)(Φ(w2k)
∗) = UΦ(uk+1)(Φ(uk)
∗),
where in the sixth equality we applied the identity (1).
It follows from the induction hypothesis that
Uw2n (w
∗
0) = Uu2n−1 (u
∗
0) = u2n = w2n+1
and
Φ (Uw2n (w
∗
0)) = Φ
(
Uu
2n−1
(u∗0)
)
= UΦ(u2n−1)Φ(u0)
∗ = UΦ(w2n )Φ(w0)
∗,
which finishes the induction argument. 
We are now ready to establish our first main result, which asserts that, under
some mild conditions, for each surjective isometry ∆ between the unitary sets of
two unital JB∗-algebras M and N we can find a surjective real linear isometry
Ψ :M → N which coincides with ∆ on the subset eiMsa .
Theorem 3.4. Let ∆ : U(M) → U(N) be a surjective isometry, where M and N
are two unital JB∗-algebras. Suppose that one of the following holds:
(1) ‖1
N
−∆(1
M
)‖ < 2;
(2) There exists a unitary ω0 in N such that Uω0(∆(1M )) = 1N .
Then there exists a unitary ω in N satisfying
∆(eiMsa) = Uω∗(e
iNsa).
Furthermore, there exists a central projection p ∈ N and a Jordan ∗-isomorphism
Φ :M → N such that
∆(eih) = Uω∗
(
p ◦ Φ(eih))+ Uω∗ ((1N − p) ◦ Φ(eih)∗)
= P2(Uω∗(p))Uω∗(Φ(e
ih)) + P2(Uω∗(1N − p))Uω∗(Φ((eih)∗)),
for all h ∈Msa. Consequently, the restriction ∆|eiMsa admits a (unique) extension
to a surjective real linear isometry from M onto N .
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Proof. If ∆ satisfies (1), by Remark 3.2 (see also Lemma 2.2(a)) there exists a
unitary ω in N such that Uω(∆(1M )) = 1N , and Uω is an isometric Jordan
∗-
isomorphism from the ∆(1)-isotope N(∆(1)) onto N . Since U
(
N, ◦∆(1
M
), ∗∆(1
M
)
)
= U(N) (see Lemma 2.1) we have Uω(U(N)) = U(N). In case that (2) holds we
take ω = ω0.
The surjective isometry ∆0 : U(M) → U(N), ∆0(u) = Uω(∆(u)), satisfies
∆0(1M ) = 1N , that is, ∆0 is a unital surjective isometry between the unitary
sets of M and N .
Fix h ∈Msa. We consider the continuous mapping R→ U(M), Eh(t) = eith. Let
u and v be two arbitrary unitary elements in Eh(R) (that is, u = e
ith and v = eish,
for some t, s ∈ R). Choose now a positive integer m such that e
‖i(s−t)h‖
M
2m − 1 < 1
2
.
It follows from this assumption that
(10) ‖e i(s−t)h2m − 1
M
‖
M
≤ e
‖i(s−t)h‖
M
2m − 1 < 1
2
.
Let us define the family {uk : 0 ≤ k ≤ 2m+1}, where
uk = u ◦ e
ik(s−t)h
2m , 0 ≤ k ≤ 2m+1.
Since u and e
ik(s−t)h
2m operator commute in M, the element uk is a unitary in M for
every k ∈ {0, . . . , 2m+1}. Clearly, u0 = u, u2m = v and u2m+1 = Uv(u∗).
Any two elements in the family {uk}2m+1k=0 operator commute, thus it is not hard
to see that for any 0 ≤ k ≤ 2m+1 − 2,
Uuk+1(u
−1
k ) = Uuk+1(u
∗
k) = uk+2.
On the other hand, by our election of m in (10), we have
‖uk+1 − uk‖M = ‖u ◦ e
i(k+1)(s−t)h
2m − u ◦ e ik(s−t)h2m ‖
M
≤ ‖u‖
M
‖e ik(s−t)h2m ◦ e i(s−t)h2m − e ik(s−t)h2m ‖
M
= ‖e ik(s−t)h2m ◦
(
e
i(s−t)h
2m − 1
M
)
‖
M
≤ ‖e ik(s−t)h2m ‖
M
‖e i(s−t)h2m − 1
M
‖
M
≤ e
‖i(s−t)h‖
M
2m − 1 < 1
2
,
for any 0 ≤ k ≤ 2m+1 − 1. Theorem 2.9(3) affirms that the identity
∆(Uuk+1(u
−1
k )) = ∆(Uuk+1(u
∗
k)) = U∆(uk+1)(∆(uk)
∗) = U∆(uk+1)(∆(uk)
−1),
holds for every 0 ≤ k ≤ 2m+1 − 1.
Lemma 3.3 applied to ∆ and the family {uk : 0 ≤ k ≤ 2m+1} proves that
Uu2m (u
∗
0) = u2m+1 = Uv(u
∗) and
(11) ∆(Uv(u
∗)) = ∆ (Uu2m (u
∗
0)) = U∆(u2m )(∆(u0)
∗) = U∆(v)(∆(u)
∗),
for any u, v arbitrary elements in the one-parameter unitary group {Eh(t) : t ∈ R}.
By similar arguments applied to ∆0, or by applying Uω at the previous identity, we
deduce that
(12) U∆0(v)(∆0(u)
∗) = ∆0(Uv(u
∗)),
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for every u, v in {Eh(t) : t ∈ R}. Taking v = 1 = Eh(0) and u arbitrary in (12) and
having in mind that ∆0(1) = 1 we get
(13) ∆0(u)
∗ = ∆0(u
∗), for all u ∈ {Eh(t) : t ∈ R}.
Furthermore, for any two u, v ∈ {Eh(t) : t ∈ R} their adjoined u∗, v∗ also lie in the
set {Eh(t) : t ∈ R} and thus by (12) and (13) we derive
U∆0(v)(∆0(u)) = U∆0(v)(∆0(u
∗)∗) = ∆0(Uv(u
∗∗)) = ∆0(Uv(u)),
for every u, v in {Eh(t) : t ∈ R}, that is,
U∆0(Eh(t))(∆0(Eh(s))) = ∆0(UEh(t)(Eh(s))) = ∆0(Eh(2t+ s)),
for all t, s ∈ R.
By applying Theorem 3.1 to {∆0(Eh(t)) : t ∈ R} we deduce the existence (as
well as the uniqueness) of a self-adjoint element y in N such that ∆0(Eh(t)) =
eity ∈ U(N) for every t ∈ R.
We can therefore define a mapping f :Msa → Nsa as the one which maps h into
y, that is, f(h) = y (where y is the unique element in Nsa such that ∆0(Eh(t)) =
eity ∈ U(N) for every t ∈ R). Thus, f satisfies
(14) ∆0(e
ith) = eitf(h),
for each t ∈ R, and each h ∈ Msa. We shall show that f is actually a surjective
isometry.
Let us first observe that the injectivity of ∆0 implies that f also is injective. On
the other hand, replacing ∆0 by ∆
−1
0 in the previous arguments, we can deduce the
existence of an injective mapping g : Nsa →Msa such that
(15) ∆−10 (e
ity) = eitg(y),
for any y ∈ Nsa, and any t ∈ R. Therefore, by combining the properties of f and
g, we derive that y = f(g(y)) (y ∈ Nsa), and hence f is surjective.
The bijectivity of f allows us to assure that ∆0 maps any one-parameter unitary
group {eith}t∈R in U(M) (for any self-adjoint h in M) onto the one-parameter
unitary group {eity}t∈R in U(N), with y ∈ Nsa. Consequently, for any y ∈ Nsa,
and any real number t,
Uω∗(e
ity) = Uω∗(∆0(e
ith)) = Uω∗Uω(∆(e
ith)) = ∆(eith).
That proves the first statement, namely,
∆(eiMsa) = Uω∗(e
iNsa).
Our next goal is to prove that f is an isometry. To this end, given h, h′ ∈ Msa
and a real number t, let us compute the following limits (with respect to the norm
topology) as t→ 0:
eith − eith′
t
=
eith − 1
N
t
− e
ith′ − 1
N
t
−→ ih− ih′,
and
eitf(h) − eitf(h′)
t
=
eitf(h) − 1
N
t
− e
itf(h′) − 1
N
t
−→ if(h)− if(h′).
On the other hand, by (14), we have
‖eitf(h) − eitf(h′)‖
N
= ‖∆0(eith)−∆0(eith
′
)‖
N
= ‖eith − eith′‖
N
.
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Therefore, by uniqueness of the limits above, ‖f(h) − f(h′)‖
N
= ‖h − h′‖
N
. The
arbitrariness of h and h′ in Msa gives the expected conclusion, that is, f : Msa →
Nsa is a surjective isometry. Moreover, since ∆0(1M ) = 1N , we deduce that f(0) =
0, and hence the Mazur–Ulam theorem implies that f is a surjective real linear
isometry from Msa onto Nsa.
It is known since the times of Kaplansky that the self-adjoint part of any JB∗-
algebra is a JB-algebra. Thus, f :Msa → Nsa can be regarded as a linear surjective
isometry between JB-algebras. Theorem 1.4 and Corollary 1.11 in [29] guarantee
the existence of a central symmetry f(1
M
) in Msa and a unital surjective linear
isometry Φ :M → N such that
(16) f(h) = f(1
M
) ◦ Φ(h),
for every h ∈ Msa. Therefore Φ is a unital triple isomorphism between unital
JB∗-algebras, and hence Φ must be a Jordan ∗-isomorphism (cf. [33, Proposition
5.5]).
By construction there exists a central projection p in N such that f(1
M
) =
2p−1
N
= p− (1
M
− p), where p and (1
N
− p) clearly are orthogonal projections in
N , and for any n > 0,
(2p− 1
N
)n = (p− (1
N
− p))n = p+ (−1)n(1
N
− p).
Finally, we shall describe ∆0 in terms of p and Φ. To achieve this goal, we shall
employ the equalities obtained in (14), (16), and the definition of the exponential
in a Jordan algebra. According to this, given an arbitrary h ∈Msa, we have
∆0(e
ih) = eif(h) = eif(1M )◦Φ(h) = ei(2p−1N )◦Φ(h) =
∞∑
n=0
(i(2p− 1
N
) ◦ Φ(h))n
n!
.
Since f(1
N
) (and hence p) is central, it operator commutes with any element in N .
Additionally, Φ is a Jordan ∗-isomorphism, and we can thus conclude that
∆0(e
ih) =
∞∑
n=0
in(2p− 1
N
)n ◦ Φ(h)n
n!
=
∞∑
n=0
in (p+ (−1)n(1
N
− p)) ◦ Φ(hn)
n!
=
∞∑
n=0
inp ◦ Φ(hn)
n!
+
∞∑
n=0
in(−1)n(1
N
− p) ◦ Φ(hn)
n!
= p ◦
∞∑
n=0
inΦ(hn)
n!
+ (1
N
− p) ◦
∞∑
n=0
in(−1)nΦ(hn)
n!
= p ◦ Φ
(
∞∑
n=0
inhn
n!
)
+ (1
N
− p) ◦ Φ
(
∞∑
n=0
in(−1)nhn
n!
)
= p ◦ Φ(eih) + (1
N
− p) ◦ Φ(e−ih) = p ◦ Φ(eih) + (1
N
− p) ◦ Φ(eih)∗.
The arbitrariness of the self-adjoint element h in M gives the following statement
∆0(e
ih) = Uω(∆(e
ih)) = p ◦ Φ(eih) + (1
N
− p) ◦ Φ(eih)∗, (h ∈Msa),
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and consequently,
∆(eih) = Uω∗(∆(e
ih)) = Uω∗
(
p ◦ Φ(eih) + (1
N
− p) ◦ Φ(eih)∗)(17)
= Uω∗
(
P2(p)Φ(e
ih)
)
+ Uω∗
(
P2(1N − p))Φ((eih)∗)
)
= P2(Uω∗(p))Uω∗(Φ(e
ih)) + P2(Uω∗(1N − p))Uω∗(Φ((eih)∗))
because Uω∗ is a triple isomorphism. 
It should be remarked that the idea of employing one-parameter unitary groups
was already employed by O. Hatori and L. Molna´r in [27], where they were moti-
vated by previous results on uniformly continuous group isomorphisms of unitary
groups in AW∗-factors due to Sakai (see [41]). In our proof this idea is combined
with the Jordan version of Stone’s one-parameter theorem developed in Theorem
3.1.
Corollary 3.5. Let ∆ : U(M)→ U(N) be a surjective isometry, where M and N
are two unital JB∗-algebras. Then there exist a central projection p in the ∆(1
M
)-
isotope N(∆(1
M
)) and an isometric Jordan ∗-isomorphism Φ : M → N(∆(1
M
))
such that
∆(eih) = p ◦∆(1
M
) Φ(e
ih) + (1
N
− p) ◦∆(1
M
) Φ(e
ih)
∗∆(1
M
)
= p ◦∆(1
M
) Φ(e
ih) + (1
N
− p) ◦∆(1
M
) Φ((e
ih)∗),
for all h ∈Msa.
Proof. The desired statement follows from Theorem 3.4 by just observing that
∆(1
M
) is the unit of the ∆(1
M
)-isotope N(∆(1
M
)), and U(N) = U(N(∆(1
M
)))
(cf. Lemma 2.1(b)). 
Remark 3.6. Let ∆ : U(M) → U(N) be a surjective isometry, where M and N
are two unital JB∗-algebras. We have shown in the proof of Theorem 3.4 (see also
Remark 3.2) that the assumption ‖1
N
− ∆(1
M
)‖ < 2 implies the existence of a
unitary ω in N such that Uω(∆(1M )) = 1N . So, condition (1) seems stronger, but
(2) is all what is needed in the proof of this theorem.
Remark 3.7. From the point of view of JB∗-triples, the conclusion of the previous
Theorem 3.4 can be also stated in the following terms: There exist two orthogonal
tripotents u1 and u2 in M and two orthogonal tripotents u˜1 and u˜2 in N , a linear
surjective isometry (i.e. triple isomorphism) Ψ1 : M2(u1) → N2(u˜1) and a con-
jugate linear surjective isometry (i.e. triple isomorphism) Ψ2 : M2(u2) → N2(u˜2)
such that M =M2(u1)⊕∞M2(u2), N = N2(u˜1)⊕∞N2(u˜2), and the surjective real
linear isometry Ψ = Ψ1 +Ψ2 :M2(u1)⊕∞M2(u2)→ N2(u˜1)⊕∞ N2(u˜2) restricted
to eiMsa coincides with ∆.
To see this conclusion, we resume the proof of Theorem 3.4 from its final para-
graph. Set Ψ˜ = Uω∗Φ, u˜1 = Uω∗(p), u˜2 = Uω∗(1N − p), u1 = Ψ˜−1(u˜1) and
u2 = Ψ˜
−1(u˜2). Since N = N2(p) ⊕ℓ∞ N2(1N − p), Uω∗ and Ψ˜ are triple isomor-
phisms, we deduce that N = N2(u˜1)⊕∞N2(u˜2) and M =M2(u1)⊕∞M2(u2). The
identity in (17) actually proves that
∆(eih) = P2(Uω∗(p))Uω∗(Φ(e
ih)) + P2(Uω∗(1N − p))Uω∗(Φ((eih)∗))
= P2(u˜1)Ψ˜P2(u1)(e
ih) + P2(u˜2)Ψ˜P2(u2)((e
ih)∗),
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for all h ∈Msa. It can be easily checked that the maps Ψ1(x) = P2(u˜1)Ψ˜P2(u1)(x)
and Ψ2(x) = P2(u˜2)Ψ˜P2(u2)(x
∗) (x ∈M) give the desired statement.
The next corollary asserts that the Banach spaces underlying two unital JB∗-
algebras are isometrically isomorphic if and only if the metric spaces determined
by the unitary sets of these algebras are isometric.
Corollary 3.8. Two unital JB∗-algebras M and N are Jordan ∗-isomorphic if and
only if there exists a surjective isometry ∆ : U(M) → U(N) satisfying one of the
following
(1) ‖1
N
−∆(1
M
)‖ < 2;
(2) There exists a unitary ω in N such that Uω(∆(1M )) = 1N .
Furthermore, the following statements are equivalent for any two unital JB∗-algebras
M and N :
(a) M and N are isometrically isomorphic as (complex) Banach spaces;
(b) M and N are isometrically isomorphic as real Banach spaces;
(c) There exists a surjective isometry ∆ : U(M)→ U(N).
Proof. The first equivalence follows from Theorem 3.4.
We deal next with the second statement. The implication (a) ⇒ (b) is clear.
(b) ⇒ (c) Suppose we can find a surjective real linear isometry Φ : M → N .
It follows from [13, Corollary 3.2] (or even from [17, Corollary 3.4]) that Φ is a
triple homomorphism, that is, Φ preserves triple products of the form {x, y, z} =
(x◦y∗)◦z+(z◦y∗)◦x−(x◦z)◦y∗. In particular Φ maps unitaries inM to unitaries
in N , and hence Φ(U(M)) = U(N). Therefore ∆ = Φ|U(M) : U(M) → U(N) is a
surjective isometry.
The implication (c)⇒ (a) is given by Corollary 3.5. 
As we have seen in Remark 3.2(9) for each JBW∗-algebra M the set of all
unitaries in M is precisely the set eiMsa . We are now ready to establish the main
result of this paper in which we relax some of the hypotheses in Theorem 3.4 at
the cost of considering surjective isometries between the unitary sets of two JBW∗-
algebras.
Theorem 3.9. Let ∆ : U(M) → U(N) be a surjective isometry, where M and N
are two JBW∗-algebras. Then there exist a unitary ω in N, a central projection
p ∈ N , and a Jordan ∗-isomorphism Φ :M → N such that
∆(u) = Uω∗ (p ◦ Φ(u)) + Uω∗ ((1N − p) ◦ Φ(u)∗)
= P2(Uω∗(p))Uω∗(Φ(u)) + P2(Uω∗(1N − p))Uω∗(Φ(u∗)),
for all u ∈ U(M). Consequently, ∆ admits a (unique) extension to a surjective real
linear isometry from M onto N .
Proof. We only need to appeal to the identities U(M) = eiMsa and U(N) = eiNsa ,
and to the arguments in Remark 3.2 to find a unitary ω ∈ N such that Uω(∆(1M )) =
1
N
. The rest is a consequence of Theorem 3.4. 
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